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On the heritability of the Hall property by 
overgroups of 7r-Hall subgroups * 

N.Ch. Manzaeva 


Abstract 

Let TT be a set of primes. We say that a finite group G is a Pjr-group 
if all its maximal 7r-subgroups are conjugate. In this paper, we give 
an affirmative answer to the problem 17.44(b) from “The Kourovka 
notebook”: we prove that in a T^Tr-group an overgroup of a vr-Hall 
subgroup is always a I^Tr-group. 


1 Introduction 


Let G be a finite group, vr a set of primes. We denote by tt' the set of all 
primes not in tt, by 7v{n) the set of all prime divisors of a positive integer n, 
given a group G we denote 7r(|G|) by 7r(G). A group G with 7r(G) c vr is 
called a Ti-group. A subgroup LT of G is called a n-Hall subgroup, if 7r(iL) c tt 
and 7r(|G : iL|) c vr'. 

Following [0, we say that G satisfies St, (or briefly G e St,), if G has a 
vr-Hall subgroup. If G satishes St, and every two vr-Hall subgroups of G are 
conjugate, then we say that G satisfies C-,, (G e €■„). Finally, G satisfies V,, 
(G e Vtt), if G satishes C,, and every vr-subgroup of G is included in a vr-Hall 
subgroup of G. Thus G e Vt, if a complete analogue of the Sylow theorem 
for vr-subgroups of G holds. A group satisfying S.„ (C^, V,,) is also called an 
S-TT-group (respectively C,r-group, T> 7 r-group). 

In the paper, we give an affirmative answer to the following problem from 
“The Kourovka notebook” 
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Problem l.[rB, Problem 17.44(b)] In a 'PTr-group, is an overgroup of a vr-Hall 
subgroup always a Pir-group? 


An affirmative answer to the analogous problem for C^-property (see 
Problem 17.44(a)]) is obtained by E.P. Vdovin and D.O. Kevin in 


m 


24 


According to j^, we say that G satisfies Ut,, ii G e Vt, and every over¬ 
group of a TT-Hall subgroup of G satishes Thus Problem can be refor¬ 
mulated in the following way: 

Problem 1. Is it true that 

The following main theorem gives an affirmative answer to Problem 1. 

Theorem 1. (Main theorem) Let tt be a set of primes. Then = IAt^. 
In other words, if G e V.,, and H is a n-Hall subgroup of G, then every 
subgroup M of G with H ^ M satisfies 


In Theorem 7.7], E.P. Vdovin and D.O. Kevin proved that G satis¬ 
hes if and only if each composition factor of G satishes Using this 
result, an analogous criterion for Uj, is obtained in . 


Theorem 2. |^, Theorem 2] A finite group G satisfies IAt^ if and only if 


each composition factor of G satisfies 11^,. 

Thus Problem 1 is reduced to a similar problem for simple D^r-groups. 
All simple D^^-groups are known: pure arithmetic necessary and sufficient 
conditions for a simple group G to satisfy can be found in |]^. It was 

is an alternating group, a sporadic group or a 

An affirmative 

I in case 2 e tt is obtained in 


proved in that if G e D,, 

group of Lie type in characteristic p e tt, then G satishes Ut, 
answer to Problem 
we consider only DTr-groups of Lie type in characteristic p with 2,p f n. 


15[] . Therefore, in this paper. 


2 Notation and preliminary results 

All groups in the paper are assumed to be hnite. Our notation is standard 
and agrees with that of 0 and 0 . By A : K and A. B we denote a split 
extension and an arbitrary extension of a group A by a group B, respectively. 
Symbols A x B and Ao B denote direct and central products, respectively. 
If G is a group and S' is a permutation group, then G ? S' is the permutation 


2 



































wreath product of G and S. For M G we set = {M^ \ g e G}. The 
subgroup generated by a subset M is denoted by (M). We use notations 
H ^ G and H < G instead of “H is a subgroup of G” and “if is a normal 
subgroup of G” , respectively. The normalizer and the centralizer of ii in G* 
are denoted by Nc{H) and Cc{H), respectively, while Z{G) is the center 
of G. The generalized Fitting subgroup of G is denoted by F*{G). Denote 
by [n] an arbitrary solvable group of order n. 

Throughout, fq is a hnite held of order q and characteristic p. By rj we 
always denote an element from the set { + , —} and we use rj instead of gl 
as well. In order to unify notation and arguments we often denote An{q) 
by A+{q), '^An{q) by A-{q), Ee{q) by E^{q), ^E^{q) by EQ{q), PSL„(g) by 
PSL+(g) and PSU„(g) by PSL“(g). If G is a group of Lie type, then by 
W(G) we denote the Weyl group of G. 

The integral part of a real number x is denoted by [x]. For integers n and 
m, we denote by gcd(n, m) and lcm(n, m) the greatest common divisor and 
the least common multiple, respectively. If n is a positive integer, then 
is the largest divisor d of n with 7r(d) c tt. If r is an odd prime and q is an 
integer not divisible by r, then e(g, r) is the smallest positive integer e with 
g® = 1 (mod r). 

We say that G satisfies (*) if every vr-subgroup of G has a normal abelian 
r-Hall subgroup, where r = (tt n 7r(G))\{r} and r = min{Ti n 7r(G)). 

The next result may be found in 


Lemma 1. ( [^, ||^, Lemmas 2.4 and 2.5]) Let r he an odd prime, k an 
integer not divisible by r, and m a positive integer. Denote e{k,r) by e and 


2e 


e = 


z/e = 1 
z/e = 0 
if e = 2 

Then the following identities hold: 


e 

e/2 


(mod 2), 
(mod 4), 
(mod 4). 


{k^ - 1 ), = 


(fc® — l)r{m/e)r if e divides m, 


if e does not divide m; 


_ (-1)’") = I “ {-iy*)r{m/e*)r if e* divides m, 

^ ^ [ 1 if e* does not divide m. 

In Lemma Q we collect some known facts about yr-Hall subgroups in hnite 
groups. 
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Lemma 2. Let G be a finite group, A a normal subgroup of G. 

(a) If H is a n-Hall subgroup of G, then H nA is a Ti-Hall subgroup of A and 
HA/A is a n-Hall subgroup of G/A. In particular, a normal subgroup 
and a homomorphic image of an group satisfy E.,,. (see [0, Lemma 1]) 


(b) If M/A is a n-subgroup of G/A, then there exists a Ti-subgroup H of G 
with M = HA. (see Lemma 2.1]) 


(c) If M is a TT-Hall subgroup of A and G/A is a n-group, then a n-Hall 
subgroup H of G with H n A = M exists if and only if the class is 
G-invariant, i.e., . (see Proposition 4.8]) 


(d) If 2 f 71 then E^, = In particular, a group G satisfies E^, if and only 
if each composition factor of G satisfies Et,. (see Theorem A], |P, 
Theorem 2.3], [^, Theorem 5.4]) 


If G possesses a nilpotent Tv-Hall subgroup then G satisfies 
Theorem 6.2]) 


see 


27 


(f) A group G satisfies if and only if A and G/A satisfy 77^. Eguivalently, 
G e T>.„. if and only if each composition factor of G satisfies 27^. (see m 
Theorem 7.7], [^, Collorary 6.7]) 


Lemma 3. m Theorem 3], 1^^ Theorem 6.9]) Let S be a simple group 
of Lie type with the base field fq of characteristic p. Suppose 2 f tv and 
Itt n 7r(S')| ^ 2. Then S satisfies if and only if the pair {S,7 t) satisfies 
one of the Condition I-IV below. 


Condition I. Let p e tt and r = (tt n 7r(S'))\{p}. We say that (S', vr) satisfies 
Condition I if r c 7i[q — 1) and every number from vr does not divide |hL(S)|. 

Condition II. Suppose that S is not isomorphic to '^B 2 {q)fiFfiq)fiG 2 {q) 
and p f 77. Denote by r the number min{7i n 7r(S)). Set r = (tt n 7r(S))\{r} 
and a = e(g, r). We say that (S, vr) satisfies Condition II if there exists ter 
with h = e{q, t) ^ a and one of the following holds. 


(a) S ^ An-i{q), a = r - 1, b = r, {q^ i - 1)^ = r, 
every set hold e{q, s) = b and n < bs. 


n 


'n~ 

T—1 

1 

_1 


.r - 


and for 
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(b) S ^ A„_i(g), a = r - 1, 6 = r, (g'' ^ - 1)^ = r, 

n = —1 (mod r) and for every s e r hold e{q, s) = b and n < bs. 


n 


'n~ 

r — 1 


. r - 


+ 1 ) 


(c) S ^ “^An-iiq), r = 1 (mod 4), a = r — 1, 6 = 2r, (g^ ^ — 1)^ = r, 
and e(g, s) = b for every s e r. 

(d) S ^ M„_i(g), r = 3 (mod 4), a = b = 2r, (g"""^ - 1)^ = r, 


n 


'n~ 

1- 

1 


.r - 


n 


'n~ 

T—1 

1 

_1 


.r - 


and e(g, s) = b for every s e t. 

(e) S ^ ^An-i{q), r = 1 (mod 4), a = r — 1, 6 = 2r, (g^“^ — l)r = r, 

+ 1, n = —1 (mod r) and e(g, s) = b for every s e r. 

(f) S ^ M„_i(g), r = 3 (mod 4), a = b = 2r, (g^-^ - 1)^ = r, 

+ 1, n = —1 (mod r) and e(g, s) = b for every set. 


n 


'n' 

r — 1 


- r - 


n 


'n~ 

r — 1 


- r - 


(g) S ^ “^Dniq), a = 1 (mod 2), n = b = 2a and for every set either 
e(g, s) = a or e(g, s) = b. 


(h) S ^ ^Dn{q), b = 1 (mod 2), n = a = 2b and for every set either 
e(g, s) = a or e(g, s) = b. 

In cases (D-(l), a vr-Hall subgroup of S' ^ ^Dn{q) is cyclic. 

Condition III. Suppose that S is not isomorphic to ^i? 2 (g), ^S' 4 (g), ^G' 2 (g) 
and p ^ IT. Denote by r the number min{T n 7r(S)). Set r = (tt n 7r(S))\{r} 
and c = e{q,r). We say that (S, vr) satisfies Condition III if e{q,t) = c for 
every t e t and one of the following holds. 


(a) S ^ An-i (g) and n < cs for every set. 

(b) S ^ ^d„_i(g), c = 0 (mod 4) and n < cs for every set. 

(c) S ^ ^d„_i(g), c = 2 (mod 4) and 2n < cs for every set. 

(d) S ^ ^d„_i(g), c = 1 (mod 2) and n < 2cs for every set. 
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(e) S is isomorphic to one of the groups Bn{q), Cn{q) or “^Dn^q), c is even 
and 2n < cs for every s e r. 

(f) S' is isomorphic to one of the groups Bn{q), Cn{q) or Dn{q), c is odd and 
n < cs for every s e r. 

(g) S ^ Dn{q), c is even and 2n < cs for every s e r. 

(h) S ^ ^Dn{q), c is odd and n ^ cs for every s e r. 

(i) 5 - ^D,{q). 

(j) S ^ E^lq) and if r = 3 and c = 1 then 5,13 ^ r. 

(k) S ^ ‘^EQ{q) and if r = 3 and c = 2 then 5,13 ^ r. 

(l) S ^ Ei[q) and if r = 3 and c e { 1 , 2 } then 5, 7,13 ^ r, and if r = 5 and 
c e { 1 , 2} then 7 ^ r. 

(m) S ^ E^[q) and if r = 3 and c e { 1 , 2 } then 5, 7,13 ^ r, and if r = 5 and 
c e { 1 , 2} then 7, 31 ^ r. 

(n) 5 - G 2 {q). 

(o) S ^ Ei{q) and if r = 3 and c = 1 then 13 ^ r. 

Condition IV. We say that (S', vr) satisfies Condition IV if one of the fol¬ 
lowing holds. 

(a) S' ^ B 2 { 2 ?'^^^), tt n Tr}^) is contained in one of the sets 7 r( 2 ^™+^ — 1 ), 
^(22m+l + 2™+i + 1). 

(b) S' ^ 7 rn 7 r(G) is contained in one of the sets 7 r( 3 ^™'+^ — 1 )\{ 2 }, 

^( 32 m+l + gm+l ^ 1 )\{ 2 }. 

(c) S' ^ ^^ 4 ( 2 ^™+^), TT n 7 r(G) is contained in one of the sets + 1 ), 

23777+2 2^+1 — X ) + 

22m+l _|_ 2777+1 _ X') 


In the next lemmas, we recall some preliminary results about T/jr-property. 


Lemma 4. Lemma 3] The following statements are equivalent. 
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(a) V^=U^. 


(b) In every simple 'D.j^-group G all maximal subgroups containing a n-Hall 
subgroup of G satisfy 

Lemma 5. |]^ , Theorem 4] If G e is either an alternating group or a 
sporadic simple group or a simple group of Lie type in characteristic p ^ 
then G satisfies U.„. 

Lemma 6. |jT^ Theorem 1] If 2 e tt then 

In view of Lemma we consider the case where tt is a set of odd primes. 
The next results are concerned with the properties E-,^ and where 2 f tv. 

Lemma 7. P2| , Theorem 1] Let G be a group of Lie type in characteristic p. 
Suppose that 2, p f tt and H is air-Hall subgroup ofG. Setr = mm(7rn7r(G')) 
and T = vr\{r}. Then H has a normal abelian r-Hall subgroup. 

Recall that G satishes (*) if every vr-subgroup of G has a normal abelian 
r-Hall subgroup, where r = (7rn7r(G))\{r} and r = mm(7rn7r(G')). Suppose 
that G e is a simple group of Lie type in characteristic p. Lemma implies 
that if 2,p f TT and G e then G satishes (*). If e{q,s) = e{q,r) for every 
SET, then the converse is also true. 


Lemma 8. Theorem 5] Let G be a simple group of Lie type with the base 
fieldfq of characteristic p, not isomorphic to‘^B 2 {q),‘^F i{q),‘^G 2 {q) ■ Suppose 
that 2,p f n and G e E^. Set r = min{'K n vr(G)) and r = (tt n 7r(G))\{r}. 
Assume that e{q, s) = e{q, r) for every set. Then G e if and only if G 
satisfies (*). 


Lemma 9. (@, Theorem 1.1], [|, Theorem 6.14], [|l8i Lemmas 5-7]) Assume 
that 2 f 71, G is a simple group and G e Et^Dt,. Set r = min{7T n 7r(G)) and 
r = (tt n 7r(G))\{r}. Then one of the following holds. 


(1) G = O'N and tt n 7r(G) = {3, 5}. 

(2) G is a group of Lie type with the base field Fg of characteristic p > 0 and 
either (A) or (B) is true: 

(A) p E 71 , p divides |VL(G)|, every t e (vr n 7r(G))\{p} divides q — I and 
does not divide |VL(G)|. 
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(B) p ^ TT and one of (a)-(i) below holds: 

(a) G = PSKiq), e{q,r) = r-l, {q^-^ - 1 ), = r, [^] = [^] and 
for every s e r we have e{q, s) = 1 and n < s. 

(b) G = PSU„(q'), r = 1 (mod4), e{q,r) = r — 1, {q'^~^ — l)r = r, 
[^] = [^] and for every s e t we have e{q, s) = 2 and n < s. 

(c) G = PSU„(g), r = 3 (mod4), e{q,r) = {q^-^ - 1 )^ = r, 

[^] = [^] and for every s e t we have e{q, s) = 2 and n < s. 

(d) G = EQ{q), 7 rn 7 r(G) c 7 r(g — 1 ), 3,13 e Timr{G), 5 f 7 rn 7 r(G'). 

(e) G = ‘^EQ{q), 7 rn 7 r(G) c 7 r(g+l), 3,13 e 7 rn 7 r(G), 5 f 7 rn 7 r(G). 

(f) G = Ej[q), vr n n{G) is contained in one of the sets 7 v{q — 1) or 
Ti{q + 1), 3,13 e TT n 7 r(G), 5, 7 ^ tt n 7 r(G). 

(g) G = Es{q), 71 r\ 7 r(G) is contained in one of the sets 7 r{q — 1 ) or 
7 r{q + 1 ), 3,13 e TT n 7 r(G), 5, 7 ^ tt n 7 r(G). 

(h) G = E^{q), 71 r\ 7 r(G) is contained in one of the sets 7 r{q — 1 ) or 
7 i{q + 1 ), 5, 31 e TT n 7 r{G), 3, 7 ^ tt n 7 r(G). 

(i) G = E^^q), 7 T n 7 r(G) is contained in one of the sets 7 i{q — 1) or 
7 i{q + 1 ), 3,13 e TT n 7 r(G). 

In view of Lemmas ^ and ^ we need information abont maximal sub¬ 
groups of groups of Lie type. For information about maximal subgroups in 
classical groups we refer to p. Maximal subgroups of exceptional groups of 
Lie type are specified in Lemmas 0,0 and |T^ 

Let G be an adjoint simple algebraic group of exceptional type G 2 , E 4 , 
Eq, Ej or Es over Fp, the algebraic closure of the prime held Fp, where 
p is a prime. Let a be an endomorphism of G whose hxed point group 
Gfj = [g e G \ = g] is hnite. Then a is said to be a Frobenius morphism 

of G, and G = {Go)' is a hnite simple exceptional group (exclude the cases 
G 2 ( 2 )' ~ PSU 3 ( 3 ) and ^G 2 ( 3 )' ^ PSL 2 ( 8 )). For a simple group of Lie type 
N{q), let rk{N{q)) denote the untwisted Lie rank of N{q) (i.e. the rank of 
the corresponding algebraic group). 

Lemma 10. ||^ Theorem 8 ] Let N be a maximal subgroup of a finite excep¬ 
tional group Go- over ¥q, q = p^. Then one of the following holds. 

(1) N = Kcr where K is maximal closed a-stable of positive dimension in G; 
the possibilities are as follows: 


(a) K [and N) is a parabolic subgroup. 


(b) K is reductive of maximal rank: the possibilities for N are deter¬ 
mined in . 


(c) G = Ej, p>2 and N = ( 2 ^ x Fn+{q) . 2 ^) . S 3 or ^D^iq) . 3. 

(d) G = Eg, p> 5 and N = PGL 2 (g) x ^ 5 . 

(e) E*{N) is as in Tahle^. 


Table 1 



possibilities for E*{N) 

G2{q) 

AM (P ^ 7) 

FM 

AM (P ^ 13 ). G2{q) {p = 7), AM X G2{q) (p ^ 3,g ^ 5) 

KiQ) 

AM (P ^ 5), G2{q) {p A 7), GM (P ^ 3), EM, 

AMxG 2 {q) {{q,v)A{ 2 ,-)) 

EM 

AM (p ^ 17, 19), AM (p ^ 5), AM X AM (P ^ 5), 

AM X G 2 {q) {p^3,q^ 5), AM x EM (? ^ 4), ^ 2 ( 5 ) x Gsiq) 

EM 

AM {P ^ 23, 29, 31), B2{q) (p ^ 5), AM x AM (t ^ 5), 

G 2 {q) X EM, Mq) X G 2 {q) x G 2 {q) {p^3,q^ 5), 

AM X G2{q‘^) (p ^ 3,g ^ 5) 


(2) N is of the same type as G. 

(3) N is an exotic local subgroup: 


2P 

.313(2) 

< 

G2{p) 

{p > 

2) 

33 

.313(3) 

< 

EM 

{p ^ 

5) 

32+^313(3) 

< 

EM 

{p = 

rj (mod 3),p ^ 5) 

53 

.313(5) 

< 

EM) 

{p A 

2, 5; a = 1 or 2, as p^ 

25+^0.315(2) 

< 

EM 

{P > 

2). 


+ 1 (mod 5)) 


(4) G = Eg, p > 5 and N = x Aq) . 2^. 


(5) E*[N) is simple and not a group of Lie type in characteristic p {the 
possibilities for E*{N) are given up to isomorphism by |]I2|). 


(6) E*{N) = N{qo) is a simple group of Lie type in characteristic p with 
rk{N{qo)) < \rk{G) and one of the following holds: 
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(a) qo ^9; 

(b) N{qo) = Al{16); 

(c) qo < t{G) and N{qo) = Ai{qo),'^B 2 {qo) or ^^ 2 (^ 0 ) (« constant t{G) 
is defined in 0 ). 


Lemma 11. P, Main theorem] Let G be a group with socle L = ^Dfiq), 
where q = p^ and p is prime. Assume that M is a maximal subgroup of G 
not containing L. Then Mq = M n L is isomorphic to one of the following 
groups. 

(a) [g®] : (SL 2 (g^) o {q — 1)) • d, where d = gcd(2, q — 1). 

(b) Iq^^J : {{q^ — 1) o SL 2 (g)) . d, where d = gcd(2, q — 1). 


(c) G 2 {q). 


(d) PGL 3 (g), 2 < q = r] (mod 3). 

(e) ^Dfiqfi), q = qo, a prime, a ^ 3. 

(f) PSL2(g3) xPSL2(g),p = 2. 

(g) (SL 2 (g^) o SL 2 (g)) .2, p odd. 

(h) ((g2 + g + 1) o SL 3 (g))./+ .2, where f+ = gcd( 3 ,g 2 + g + 1). 

(i) -q + l)o SU 3 (g)) ./_ .2, where /_ = gcd(3,g2 + q + l). 


(j) {q^ + q + lfi.SUiS). 


(k) {q^-q + ir.SU{3). 

( l ) {q^-q^ + l)A. 

We do not need a list of maximal subgroups of ^i? 2 (d) because if 2 ^ tt 
then a vr-Hall subgroup H of ‘^B2{q) is abelian (see p2| , Lemma 14]), and 
all maximal subgroups of ^B2{q) containing H satisfy by Lemma I©. 
To simplify our proof of Theorem 1 we need a list of maximal subgroups 
oi^Ffiq). 


Lemma 12 

q = 2'^^+\ n^l 


T^ , Main Theorem] Every maximal subgroup of G = ‘^Ffiq), 
is isomorphic to one of the following. 


10 




(a) : (Ai(g) X (g- 1 )). 

(b) [g^°] : (^B 2 {q) x (g- 1 )). 

(c) SU 3 (g) : 2 . 

(d) ((g + 1 ) X (g + 1 )) : GL 2 ( 3 ). 

(e) ((g - V2g + 1 ) X (g - ^ + 1 )) : [ 96 ] ifq> 8 . 

(f) ((g +v^+1) X (g +v^+1)) : [96]. 

(g) (g 2 - V 2 gg + g - V 2 g + 1 ) : 12 . 

(h) (g 2 + V^g + g + V 2 g + 1 ) : 12 . 

(i) PGU 3 (g) : 2 . 

(j) ^B 2 iq)l 2 . 

(k) B2{q):2. 

( l ) ^F 4 (go), if qo = with ( 2 n + l)/( 2 m + 1 ) prime. 

We also need some information about automorphisms of groups of Lie 
type. Let G be a simple group of Lie type. Definitions of diagonal, field 
and graph automorphisms of G agrees with that of . The group of inner- 
diagonal automorphisms of G is denoted by G, while Aut(G) is the automor¬ 
phism group of G. By 3.2], there exists a held automorphism p of G such 
that every automorphism cr of G can be written a = /3p^7, with [3 and 7 being 
an inner-diagonal and a graph automorphisms, respectively, and I ^ 0. The 
group (p) is denoted by $ 0 - In view of 0, 7-2], the group $0 is determined 
up to G-conjugacy. Since G is centerless, we can identify G with the group 
of its inner automorphisms. 

Lemma 13. |^, 3.3, 3.4, 3.6] Assume that G is a simple group of Lie type 
over Fq of characteristic p. Set A = Aut(G) and A = G^g- Then the 
following hold. 

(a) G^G^A^A is a normal series for A. 

(b) G/G is abelian; G = G for the groups Es{q),F 4 {q),G 2 {q),^D 4 {q), in 
other cases the order ofGfG is specified in Table^. 
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Table 2 


G 

\G/G\ 

Md) 

^Mq) 

Biiq), Q{q), Ej{q) 
Di{q) 

E,{q) 

^Ee{q) 

gcd(/ + l,q-l) 
gcd(/ + l,g + 1) 
gcd(2,g- 1) 
gcd(4,g^ - 1) 
gcd(4, q'- + 1) 
gcd(3,g- 1) 
gcd(3,g + 1) 


(c) A = A with the exceptions: A/A has order 2 if G is Ai{q) (1^2), Di{q) 
(I 5) or EQ{q), or if G is B 2 {q) or F^{q) and q = or if G is 

G' 2 (<?) and q = Af A is isomorphic to S 3 if G is D^^q). 

3 Proof of the main theorem 

In view of Lemma we may assume that 2 f n. By Lemma to prove 
the identity = Idn, it is sufhcient to prove that in each simple nonabelian 
T> 7 r-group G all maximal subgroups, containing a yr-Hall subgroup of G, sat¬ 
isfy Pjr- This is true if G is an alternating group, a sporadic simple group 
or a simple group of Lie type in characteristic p e tt because these groups 
satisfy by Lemma Thus we may assume that G is a simple P^-group 
of Lie type with the base held Fg of characteristic p and pfn. 

Throughout this section, if is a vr-Hall subgroup of G, M is a maximal 
subgroup of G with H < M. Our goal is to show that M satishes So by 
Lemma |^(|) it is sufhcient to prove that every nonabelian composition factor 
of M satishes 2^7^. Since M contains if, M satishes £.^. Lemma ^(|^) implies 
that every composition factor of M satishes £t^. 

Let r be the smallest prime in vr n 7r(G) and r = (vr n 7r(G))\{r}. 

Step 1. If S' is a composition factor of M and S e £t,\Dt,, then r e vr(S'), 
Itt n 7r(5)| ^ 2 and ^ ^ FSLl^{qi). 

Proof. Clearly, if \'k n 7r(S')| ^ 1, then S e Therefore we have that 
Itt n 7r(S')| ^ 2, in particular, |7r n 7r(G)| ^ 2. Since G satishes Vt,, it follows 
from Lemma that G satishes (*), i.e., every yr-subgroup of G has a normal 
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abelian r-Hall subgroup. Lemma implies that every vr-subgroup of S is 
a homomorphic image of a vr-subgroup of G. Hence a vr-Hall subgroup of S 
has a normal abelian r-Hall subgroup. If r ^ '^{S) then a vr-Hall subgroup 
of S is abelian. So by Lemma we have S s and this is a contradiction 
with S e Therefore we conclude r e vr(S'), as required. Thus every vr- 

subgroup of S possesses a normal abelian r-Hall subgroup, i.e. S satisfies (*). 

Since S e S.,r\Dn, the possibilities for S are determined in Lemma p. 
Suppose that S satisfies item (1) of Lemma|^. Then S ^ O'N and vrnvr(S') = 
{3,5}. But a {3,5}-Hall subgroup of O'N does not possess a normal Sylow 
5-subgroup, hence O'N does not satisfy (*) and this case is impossible. 

Suppose that S' is a group of Lie type with the base field of char¬ 
acteristic pi- Assume first that S satisfies item 2(A) of Lemma and so 
Pi e vr. If Pi A r then r e (vr n vr(S'))\{pi} and r does not divide |1H(S')|. 
Since vr(|lT(S')|) = vr(/!) for some natural I, we obtain that I < r < pi and 
it contradicts the fact that pi divides |IT(S')|. Suppose now that pi = r. 
Denote by [/ a Sylow pi-subgroup of S. In view of Theorem 3.2], a Borel 
subgroup B = Ns{U) contains a vr-Hall subgroup Hi of S. If Q is a normal 
abelian r-Hall subgroup of Hi then Hi = U x Q. Hence Hi is nilpotent and 
by Lemma we have S e Vt^, a contradiction with S e Assume 

now that S satishes item 2(B) of Lemma ||, and so pi ^ vr. If S' satishes one 
of items P(B)d| - p(B)i| , then we have that vr n vr(S) c 7 v{qi + 1) and therefore 
e(Q'i,t) = e(gi,s) for every t, s e vr n vr(S). Since S satisfies (*), S satisfies 
Djr by Lemma and this contradicts our assumption that S e Thus 

S satisfies one of items |2(B)a| - |2(B)c| of Lemma and so S ^ PSL}(^ (gi). □ 


Step 2. If M is an almost simple group, then M e 1)-,^. 

Proof. Let S be nonabelian simple group with S < M < Aut(S). As men¬ 
tioned previously, M e if and only if S e We derive a contradiction by 
assuming that M and thus S f By Step 1, we have S ^ PSL](^(gi) 
and S satisfies one of items P(B)a| - p(B)c| of Lemma Consider the structure 
of a vr-Hall subgroup of S. Since S ^ PSL](^(gi) e by Lemmas ^(|^ 

and K|) we have that SL](^(gi) and GL](^(gi) he in By Lemma p, we 

have that gcd(ni, qi — = 1, therefore |Z’(SL](^(q'i))| 7 r = 1, and so a vr-Hall 

subgroup of S is isomorphic to a vr-Hall subgroup of SL](j(gi). 

Now we specify the structure of a vr-Hall subgroup of SL](^(gi). We start 
with GL](^(gi). Observe that vr(GL](^(gi)) = vr(S'). Recall (by Step 1) that 
r e 7r(S'). By Lemma ^ for every fern vr(S') if ?7 = -I- then e{qi,t) = 1, 


13 











and ii T] = — then e(gi, t) = 2. Hence a r-Hall subgroup of GL^^(q'i) lies in a 
subgroup of diagonal matrices D, and D is a direct product of ni copies of a 
cyclic group of order qi—r}. Since rn7r(S') ^ 0, it follows that l^i—?7| ^ 5, and 
so = D : Sni, where is a group of monomial matrices and 

acts on D by permuting diagonal elements. Consider a Sylow r-subgroup R 
of Sni- Lemma |] implies that r does not divide qi — rj, hence R < SL^^(gi). 
Denote the number [^] by k. Since [^] = [^], for some natural d we 
have rii = kr + d = k{r — l) + {d + k) and d + k < r — 1. Hence k < r — 1 and 
R ~ r^. In view of Lemma |T], we obtain that | SL^^(gi))|r = r^. Thus a vr-Hall 
subgroup of SL^^(gi), up to conjugation, lies in {D n SLjj^(gi)) : R. If Di and 
Ri are the images of D n SLjj^ (gi) and R under the canonical homomorphism 
SLjj^(gi) S, respectively, then we may assume that a yr-Hall subgroup of S 
lies in 

Di ^ (gi-77^-1; 

Recall that M contains a yr-Hall subgroup H of G. So i/ is a vr-subgroup of 
Aut(S'), and since Aut(S')/S'<h is a 2-group by Lemma where <h denotes 
the group $5, we have that H lies in S'$. Since Lf is a 7 r-Hall subgroup 
of M, by Lemma |](|^) we have that i/ n S' is a yr-Hall subgroup of S. Write 
Hi = H r\ S, and observe that by Lemma |^(^) S e hence by Lemma l(S) 
there exists a yr-Hall subgroup Hq of S<h with Hq S = Hi. Now we want 
to show that it is possible to assume H ^ Hq. By Lemma 0, we have 
|S<h ; S<h| = gcd(ni, gi — 77 ) and it follows from gcd(?T.i, gi — 77 )^ = 1 , that Hq 
is a yr-Hall subgroup of S<h. Consider the normalizer Ng^{Hi). It is obvious 
that N§^{Hi) contains both Hq and iL, and so Hq is a yr-Hall subgroup of 
N§^{Hi). The normalizer Ng^{Hi) possesses a normal series 


Hi<Ns{Hi)<Ng^{Hi), 


where Ns{Hi)/Hi is a yr'-group and N§^{Hi)/Ns{Hi) is solvable. Now 
Lemma ^(|) implies that Ng^{Hi) satishes Since Hq is a yr-Hall sub¬ 
group of Ng^{Hi), we may assume H < Hq, up to conjugation. In particular, 
H = Hi : {ip}, where {ip} is a yr-subgroup of <h. Hence, by previous paragraph, 
H is included in a subgroup {Di '. Ri) \ {ip} of S : {ip}, and {Di : Ri) : {ip} is 
isomorphic to ((gi — 77)”!“^ :r^) '.{ip}. Moveover, ip centralizes Ri and acts 
by X 1-^ on every group (gi — 77). It follows from the action of Ri on Di, 
that \CdARi)\-k < {di Thus |C'/^(Ri)| < r^{qi - 77)^+'^-^|(7?|. 

On the other hand, in CLjj^(gi) there exists a subgroup L of the following 
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type: 


/ k times 

'GL^i(gi) " 0 

0 ••• GVl_,{q,) 

0 

V 


\ 


0 

k+d times 

-"-^ 

qi-^ ■ ■ ■ 0 

0 ■■■ qi-rj J 


Now GL^_;^(gi) possesses a cyclic subgroup of order q\~^ — 1. Since r(gi — rj) 
divides q\~^ — 1, we obtain that GLj?_^(gi) has a cyclic subgroup of order 
r{qi — rj). Thus L (and hence GL'^_^{qi)) possesses a subgroup x 
So in L n SL((j (gi) there is an abelian subgroup of order r^(gi — 

L n SL((^(gi) is yj-invariant. It follows that S :{ip} possesses a 7r-subgroup 
F = [r^ X (g^ — : <(p). Moreover, |F|r = |-Ri| = | SL((^(gi)|r, hence 

up to conjugation we may assume that Ri < F. Glearly i?i lies in Z{F) and 
\F\ > \Ch{Ri)\- Thus there is a 7r-subgroup of M (and of G) such that it is 
not isomorphic to any subgroup of a yr-Hall subgroup H of G, and this is the 
desired contradiction since G e □ 


Now we can assume that M is not almost simple, and it seems quite 
natural to proceed our proof in two cases: G is a classical group and G is an 
exceptional group. 


Step 3. If G is a classical group and M is not almost simple, then 
MeV^. 

Proof. Since G e [tt n vr(G)| ^ 2 and 2,p ^ tt, we obtain that G satishes 
either Gondition 11 or Gondition 111 of Lemma If G satishes either item 
(g) or item (h) of Gondition 11, then H is cyclic and M satishes by 
Lemma ^(1). Suppose that G satishes either Gondition 111 or one of items 
(a)-(f) of Gondition 11. Then e{q,t) = e{q, s) for every t,s e r. Set 

a = e(g, r) and b = e{q, t) for every ter. 

Suppose that M f Vt,. Then by Lemma |](D M has a composition factor S 
which does not satisfy Vt^, and by Step 1, S' ^ PSL((^(gi), r e 7r(S) and one 
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of items [2(B)a| - P(B]^ of Lemma ^ holds for S. Set 

<^1 = 6 (^ 1 , r) and bi = e{qi,t) for every t e t n 7r{S). 

Assume first that qi = q. Since S e we have that a b. Hence G 

satishes Condition II. Then b ^ r > 2 and it contradicts the fact that fo < 2 
which follows from items P(B)a| - ^(B)c| of Lemma |^. 

Assume now that qi A q. Since M is not almost simple, by famous 
Aschbacher’s theorem [Q], we obtain that M belongs to one of Aschbacher’s 
classes. According to Tables 3.5A-3.5F from it is sufficient to consider 
the following cases: 

(a) G = PSL„(g), M ~ [c] .PSLm(q'“) • [dn], where n = mu, u is prime, 

_ gcd(.3r-l,m)(.7^-l) ^ ^ gcd(q^-l,m) . 


c = 


(g-l)gcd(g-l,n) 


(b) G = PSL„(g), M ^ 
q-i 


gcd{q—l,m) ’ 

. PGL„(go), where q = q^, u is prime. 


gcd(g-l,n) 


c = 


lcm(go-l, g,d(Vcn) )’ 


(c) G = PSL„(g), M ^ PSGM ■ 
q-i 


gcd(go + l,n)c 
gcd(g-l,n) 


, where q = q^, 


c = 


Icm^go + l, 


g-l ^ > 

gcd(g —l,n) / 


(d) G = PSU„(g), M ^ [g™(2n-3m) . c/gcd{q + 1, u)] . (PSL^(g2) X 
PSU„_ 2 m(g)) ■ [d], where 1 < m < [n/2], 

c = |{(Ai, A2)|A, g = 1}|, 

d = — 1) gcd(g^ — 1, m) gcd(g + 1, n — 2 m) jc] 


(e) G = PSU„(g), M ^ 


(g-l)gcd(g+l,f) 
gcd(g+l,n) 


.PSL„/2(g2). 


gcd(g2-l,f) 
gcd(g+l,f) 


. 2 ; 


(f) G = PSU„(g), M ~ [c] .PSUm(g“) • [dn], where n = mu, u is prime, 

n, > Q „ ^ gcd(g+l,m)(g'* + l) i ^ gcd(g'* + l,m) . 

^ ’ (9+1) gcd(g+l,n) ’ gcd(g+l,m) ’ 


(g) G = PSU„(g), M ^ 


u ^ 3, c = 


9+1 


gcd(g+l,n) 


.PGU„(go), where q = q^, u is prime. 


lcm(90 + l, g,d('r+\,n) )' 


In cases (a), (b), (d) and (e) S is isomorphic to PSL„j(gi) with qi A q. 
By Lemma ^ the following conditions hold: 
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( 1 ) ai = r - 1 ; 

(2) {ql~^ - l)r = r- 

(3) fe] = [?]; 


(4) hi = 1 and rii <t for every t e t r\ 7r(S'). 

It follows from (1) and (3) that ni ^ r. Observe that ii k = [^] = [^] 
then k < r — 1. Hence we have r ^ rii < {r — 1)^. By (1) and (4) we see that 
(gi — l)r = 1 and {qi — l)t ¥= 1 for every t e t r\ 7r{S). 

Case (a): S ^ PSLm(^i'“), where mu = n and u is prime. Note that 
Oi = e(g“,r), and so a = e{q,r) ^ oi > 1. By Lemma [|, we have that 
b = e{q, t) divides u and {qi — 1)4 = — l)f = {q^ — Hence b is equal 

to 1 or u. Assume that G satishes Condition HI, and so a = b. Since a > 1, 
we conclude that a = u. Then ai = 1, and it contradicts the fact that ai > 1. 
Thus we obtain that G satishes either item (a) or item (b) of Condition H, 
and so a = r — l,6 = r = M. Since r = u divides n, we have that G cannot 
satisfy item (b) of Condition H, where n = —1 (mod r). Hence G satishes 
item (a) of Condition H. Thus we have that —1)^ = r, = [y] = m, 

and, in particular, m < r — 1 and |S'|r. = 1. Using Lemma [^, we can calculate 
|G|r and \M\r\ 


|G|. 


(g - l),.gcd(g - l,n)r 


= r"*,|M|, 


= r. 


As m ^ 2 we obtain |G|r ^ Thus \G\r > |Af|r, which is a contradiction 
with the fact that M contains a yr-Hall subgroup of G. 

Case (b): S ^ PSL„(go), where q = q^ and u is prime. Note that 
bi = e(go,t) = 1, and so b = e(go,t) = 1. Hence we have that G satishes 
Condition HI and a = b = 1. Lemma |l| implies that Oi = e(go,r) divides u 
and (g — 1)^ = {q^ — 1)^ = (gQ^ — l)r(^)r. Since ai is even (oi = r — 1) and 
u is prime, we conclude that ai = u = 2 and r = 3. Using Lemma |I], we can 
calculate IGls and |M| 3 . 


|m|3 


(g-l)r^(n!)3 (gg-l)r^(n!)3 . 

gcd(g-l,n)3 gcd(g^ - l,n)3 ’ 


_ (g-i)3(gg-i)^(fc!)3 _^ 

1cm (go - 1, gcd(g - 1, nUqo - 1)3 


where k 
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It follows from r ^ n < (r — 1 )^ that n = 3. Since {qq — 1)3 = 1 and 
(^Q — 1)3 = 3, we obtain that jGjs = 3^ and \M\^ = 3. Thus jGjs > \M\s, 
which is a contradiction with the fact that M contains a yr-Hall subgroup 
of G. 

Cases (d) and (e): S ^ PSL„^(g^). Note that 61 = e{q‘^,t) = 1; and so 
b = e{q, t) is equal to 1 or 2. Thus G satishes Condition III and a = b. Then 
a = e{q,r) equals 1 or 2 , and so Oi = e{q^,r) = 1 , which is a contradiction 
with the fact that oi = r — 1 ^ 2 . 

In cases (c), (f) and (g) S is isomorphic to PSU„^(gi). By Lemma || the 
following conditions hold: 

(T) either r = 1 (mod 4) and oi = r — 1, or r = 3 (mod 4) and oi = 

( 2 ') {q{-^ - 1 ), = r; 

( 3 ') [*] = [y]; 

(4') bi = 2 and rii < t for every tern 7 r(S'). 

In view of (P), we see that either ai = 0 (mod 4), or oi = 1 (mod 2 ). 
So Oi cannot equal 2k with k odd, in particular oi 2. It is obvious that in 
this case the inequalities r ^ rii < (r — 1)^ are also valid for rii. By (4') we 
have that (gi — 1)^ = 1 and {qf — l)t ¥= I for every t e t r\ 7r{S). 

Case (c): S ^ PSU„(q'o) and q = q^. Note that bi = e{qo,t) = 2, and so 
b = e{ql, t) = 1. Hence G satisfies Condition III, and so a = 6 = 1. It follows 
from a = e(gg,r) = 1 , that oi = e{qo,r) equals 1 or 2. As we mentioned 
before, Oi cannot equal 2, and thus Oi = 1 and r = 3. Using Lemma we 
can calculate |G |3 and |M| 3 . As in case (b) we have n = 3 and |G| = 3^. 
Since oi = 1 we obtain that a* = 2 . 


|M|3 


_(gg - i)3(g - 1)3 _ 

(go + 1)3 gcd(g - 1 , 3 ) 3 lcm (go + 1 , g,d(g~-i,3) ) 3 


It follows from (1') and (2') that (go — 1)3 = (gg — 1)3 = 3, and so (go + l )3 = 1. 
Hence we have that |M |3 = 3. Thus |G |3 > |M| 3 , and it is a contradiction 
with the fact that M contains a yr-Hall subgroup of G. 

Case (f): S ^ PSUm(g“), where mu = n, u is prime and u ^ 3. Note 
that bi = e(g“,t), and so b = e{q,t) ^ bi = 2 and b ¥= u. By Lemma |T], 
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we have that b divides 2u and — l)t = Thus we have 

that b equals 2 or 2u. Assume that G satishes Condition III, and so a = b. 
Since Oi = e{q'^,r) cannot equal 2 , we have that a = e{q,r) A 2u, and thus 
a = b = 2. As a ^ Oi, we have r = 3 and ai = 1 . Since (g“ — 1)3 A 1, it 
follows from Lemma Q that a divides u and (g“ — 1)3 = (g^ — 1 ) 3 (|) 3 , and 
this is a contradiction with the fact that u is an odd prime. Thus we obtain 
that G satishes one of items (c)-(f) of Condition II, and so b = 2r = 2u. 
Since r = u divides n, we have that G cannot satisfy items (e) and (f) of 
Condition II, where n = — 1 (mod r). Hence G satishes either item (c) or 
item (d) of Condition II. Thus we have that a* = a* = r — 1, (g^“^ — l)r = r, 
= [^] = m, in particular m < r — 1 and \S\r = 1. As in the case (a) 
we have |G|r ^ and \M\r = r. Thus \G\r > |Af|r, which is a contradiction 
with the fact that M contains a yr-Hall subgroup of G. 


Case (g): S ^ PSUn(go), where q = q^-, u is prime and u ^ 3. Note 
that bi = e(go,t) and bi ^ b = e(go,t). By Lemma |I|, we have that bi = 2 
divides ub and (g^ — 1)4 = (gg^ — l)t = (gg — !)*( y)o Since u is an odd prime, 
we conclude that 6 = 2. Thus G satishes Condition III and a = b = 2. Since 
a = e{qQ,r) = 2, we have that oi = e(go,r) A u and oi ^ a. Lemma Q 


implies that ai divides 2u and (g^ — 1)^ = (gg — 1)^ = (gg^ — l)r(^)r- Then 
oi equals 2 or 2 u, and it is impossible: as we noted earlier ai cannot be equal 
to 2 k with k odd. 


Thus we prove that in all cases (a)-(g) a composition factor S ^ PSL(( (g 


cannot satisfy statements |2(B)a-2(B)c| of Lemma |^, and so S s 


□ 


Step 4. If G is an exceptional group, not isomorphic to ^H 2 (g), ^T 4 (g), 
^G 2 (g), and M is not almost simple, then M e 


Proof. Since G is not isomorphic to ^H 2 (g), ^F^iq), ^G 2 (g), by Lemmas 
7-13] we have that H is abelian or tt n 7 r(G) c 7r(g + 1 ). If iL is abelian 
then M satishes by Lemma ^(^). Assume now that tt n n{G) c 7r(g + 1 ). 
Suppose that M f In view of Lemma ||(|) and Step 1, M possesses a 
composition factor S ^ PSL](^(gi) e £f\VT,. If gi = g“ for some natural u, 
then TT n 7 r(S') c ^{q + 1) ^ '/r(g“ + 1). It follows that e{q'^,r) = e{q'^,t) for 
every t e t tt{S). By proof of Step 1, we have that S satishes (*). Thus 
Lemma implies that S e and it is a contradiction with our assumption 

that S s Assume now that gi A g“. It follows from Lemma that 

all maximal subgroups of G = ^D^^q) do not possess a composition factor 
isomorphic PSL](^(gi) with gi 7 ^ g“. If G A then in Lemma we 
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can find maximal subgronps of a finite exceptional gronp with G = {Go)'■ 
It is clearly that M = N Ci G, where is a maximal subgronp of G^ not 
containing G. Observe that M < N and S' is a composition factor of N. By 
Lemma 0 , all possibilities for N, which possesses a composition factor S 
isomorphic PSL^^(gi) with qi ^ are the following. 

(a) the possibilities for N are determined in 0 ; 

(b) N is an exotic local subgroup; 

(c) F*{N) is simple. 


If N satishes the hrst statement, then by we have that S is isomorphic 
to PSL 2 ( 5 ), PSL 3 ( 2 ) or PSU 4 ( 2 ). Since there exists no odd prime f > 3 such 
that qi = I (mod t) or 2 ^ = 1 (mod t), we conclude that S does not satisfy 
items 2(B)a - ^B)c of Lemma p. Then S e and this is a contradiction 
with our assumption that S e 

If N satishes the second statement, then S is isomorphic to one of the 
groups PSL 3 ( 2 ), PSL 3 ( 3 ), PSL 3 ( 5 ) or PSL 5 ( 2 ). Thus in this case we also have 
that there is no odd prime t with q^ = 1 (mod t). Hence S cannot satisfy 
[^(B)a| of Lemma y, and so S' e which is a contradiction with S e 

Finally, if F*{N) is simple, then F*{M) is simple, a contradiction with 
our assumption that M is not almost simple. 

Thus we prove that in all cases (a)-(c) a composition factor S ^ PSL((^(q'i) 
cannot satisfy statements p(B)a| - ^B)c| of Lemma P, and so S' e V.„. □ 


Step 5. If G is one of the groups ‘^B 2 {q), ^(^ 2 (o') or ^^ 4 ( 5 ), then M e 


Proof. The structure of a yr-Hall subgroup H of G was obtained in |^. By 
Lemma 14], if G is either ‘^B 2 {q) or ‘^G 2 {q), or if G is ^^ 4 ( 5 ) and 3 ^ vr, 
then H is abelian. Then it follows by Lemma ii that M e Vt,. 

Assume now that 3 e vr and G is ^F 4 (g), where q = So we obtain 

that r = 3. Since G e and \'k n 7 r(G)| ^ 2 , we have that G A ^^ 4 ( 2 )' 
by Lemma All maximal subgroups of “^F^^q) are specihed in Lemma |^. 
Suppose that M f Vt,. In view of Step 1, we should consider maximal sub¬ 
groups of “^F^i^q), which have a composition factor S isomorphic to PSL](^(gi). 
It follows from Lemma |T^ that S is isomorphic to PSL 2 (g) or PSU 3 (g). If 


S ^ PSL 2 (g) then S cannot satisfy |^(B)a| of Lemma |9| because for ni = 2 and 
r = 3 the inequality ni ^ r does not hold. Hence S ^ PSL 2 (g) satishes Vt^. 
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If S' ^ PSU 3 (g) then S also satisfies because 2^”*+^ ^ 1 (mod 3) and S 
cannot satisfy P(B)c| of Lemma |^. So we prove that all composition factors 
of M satisfy □ 


Thus we prove if G is a simple "DTr-group of Lie type over Fg of charac¬ 
teristic p and 2,p ^ tt, then every maximal subgroup M of G containing a 
TT-Hall subgroup H oi G satishes Vt,. So we have = U.,, by Lemma 
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